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Abstract 

q-i We study Faddeev formulation of gravity, in which the metric is composed of 

^jy vector fields. We consider these fields constant in the interior of the 4-simplices 

of a simplicial complex. The action depends not only on the values of the fields in 

■ the interior of the 4-simplices but on the details of (regularized) jump of the fields 
00 ' 

| between the 4-simplices. Though, when the fields vary arbitrarily slowly from the 
00 ■ 

O ■ 4-simplex to 4-simplex, the latter dependence is negligible (of the next-to-leading 



o 

(N 



order of magnitude). 

We put the earlier proposed in our work first order (connection) representa- 
tion of the Faddeev action into the discrete form. We show that upon excluding 

•rH , 

^ ■ the connections it is consistent with the above Faddeev action on the piecewise 

ft : 

constant fields in the leading order of magnitude. Thus, using the discrete form 
of the connection representation of the Faddeev action can serve a way to fix the 
value of this action on the piecewise constant ansatz on simplices. 
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1 Introduction 

Recently Faddeev has proposed [1] a new formulation of Einstein's gravity described by 
the set of ten covariant vector fields f\(x), A = 1, . . . , 10. The metric is a composite 
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field, = fxf^A- The action takes the form 

S = j £d*x = J U AB (f A J^ - fl,r B , x )V9d*x. (1) 

Here Hab = $ab — /a/as, raising and lowering world (greek) indices is performed with 
the help of g x ^ and = d^f\. 

Faddeev action for gravity has the following properties which may provide certain 
advantage of using this formulation instead of the standard metric one based on the 
Hilbert-Einstein action. First, suppose metric has a discontinuity along the coordinate 
x n such that this discontinuity is experienced by the components of metric transverse 
to the direction of x n \ g tl t 2 ,n ~ S(x n ) is 5-function like. The Hilbert-Einstein action is 
divergent: £ contains contribution ~ (<7tit 2 ,n) 2 ~ {${x n )) 2 , J £d A x = oo. The Faddeev 
action is not divergent in this case since there is no the square of any derivative in the 
action. Second, suppose vertical components of the classical equations of motion are 
fulfilled and are non-degenerate leading to 

?A,[H = fx(f^A,u - fvA,p) = 0. (2) 

Consider the plane dividing a region of the spacetime into the two regions each with 
constant metric. The coordinate dependence of the metric in this region (stepwise) is 
only on the coordinate x n normal to the plane. This fact together with equation (2) 
means vanishing discontinuity of the metric, 

9t!t 2 ,n — ft^ftiA,n + ftlft 2 A,n = ft^fnAfy + ftlfnA,t 2 + ^t2,[tm] + ^ti,[*2Ti] = 0- (3) 

(According to the above assumption in this example, the derivatives over the coor- 
dinates x fl ,x t2 lying in the plain are zero). Thus, the discontinuity of the transverse 
components of metric is allowed in the Faddeev gravity, but only virtually, on quantum 
level. The situation is illustrated by the table 1. Important simplifying consequence 
for description of quantum Faddeev gravity by piecewise-constant fields (/aa) is that 
we do not need to impose conditions requiring continuity of metric induced on the face 
shared by any two regions in each of which the fields are constant. In other words, these 
regions a priori may not coincide on their common face, and the values J\a may be 
chosen freely in each region of their constancy. In turn, piecewise-constant distribution 
of the fields fxA seems to be an appropriate ansatz for studying the "gas" of metric 
discontinuities. 
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Table 1: Possibility of discontinuity of the transverse components of metric. 
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Figure 1: The manifold composed of polyhedrons with the topology of a cube. 

As is known, piecewise flat Riemannian manifold can be represented as simplicial 
complex where the metric can be chosen constant in each simplex [2]. If one con- 
siders the manifold composed of polyhedrons with the topology of a cube (fig. 1), 
requirements that the metric be constant in each cube and transverse components of 
metric be continuous on each cubic face lead to essential restriction on possible form of 
metric. Indeed, introduce piecewise affine world coordinates x x such that vertices have 
integer coordinates and any cube edge is described by one of the four vectors (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1). Passing through the chain of the cubes along the co- 
ordinate, say, x 1 , we find that cannot depend on x 1 at A ^ 1 and ju ^ 1. Analogous 
conclusions can be made for other coordinates, and we can write the coordinate de- 
pendence of metric tensor components as gn (x 1 ), ^(x 1 , x 2 ), .... Of course, this form 
of metric in no way can be regarded as general one, and this metric does not provide 
proper ansatz for minisuperspace gravity system. This corresponds to intuitive feel- 
ing that we cannot approximate general curved manifold by flat polyhedrons with the 
topology of a cube. 

However, situation becomes qualitatively different if discontinuities of the transverse 
components of metric are allowed as in the considered more general case of the piecewise 
constant f\A in the Faddeev gravity. In this case the above speculation does not give 
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any restriction on the form of metric which can be approximated by the cube-like 
polyhedrons, and the ansatz based on cubic decomposition of spacetime may be of 
interest. This ansatz is considerably more simple than the simplicial one, and remind 
the usual lattice discretization. 

2 Faddeev action on piecewise constant fields 

Let us try to write out the Faddeev action (1) for the piecewise-constant fields on 
simplicial complex. Let x x be piecewise-affine coordinate frame; f^(x) — const in the 
interior of every 4-simplex <r 4 . The field f\ in the most part of the neighborhood of 
any 3-simplex depends (in stepwise manner) only on one (normal to a 3 ) coordinate. 
Therefore contribution to S from a 3 is zero. Contributions to S come from the neigh- 
borhood of the 2-simplices a 2 due to a dependence on the two coordinates, say, x 1 , x 2 . 
Evidently, the expression {f\,\fB,n ~~ /a^/b.a) appearing in S has support on a 2 . That 
is, it is 5-function const ■ 5(x 1 )5(x 2 ). The constant can be reliably defined with taking 
into account the fact that this expression is the full derivative, 

fixfl, ~ fljlx = dxQ\ Q X = ffaft - fgdpfi. (4) 

Then integral over any neighborhood of the point (x l ,x 2 ) = (0,0) (which defines this 
constant) reduces to the contour integral not depending on the details of the behavior 
of the fields at this point. Taking into account the subsequent symmetrization over 
A, B we have 

/ UlA» - fU^dx'dx 2 = ju\df 2 B - /id/A). (5) 

In fig. 2 the center O which represents the 2-simplex a 2 is encircled by the integration 
contour C counterclockwise. 

There are products of the step functions and delta functions under the contour 
integral sign in (5) which can be defined ambiguously depending on the intermediate 
regularization. Formally, we can write 9(x)5(x) = 9(0)5(x) where we can take for 9(0) 
any number a from the interval [0, 1]. In the geometry of fig. 2 this amounts to the 
choice of the value of a function on the 3-face of on which it undergoes the discontinuity 
when passing between the two 4-simplices af and af +1 sharing this 3-face, 

f(^)^(l-a)f(at)+af(at +1 ). (6) 
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Figure 2: The neighborhood of a triangle a 2 shared by 3- and 4-simplices. 
Here / is f\ or /|. As a result, the value of the integral (5) is 

E {K>ti) + (i - «)/AK 4 )][/i(4-i) - fU*l)} 

+ (1 - «)/bK 4 )][/1(4i) - />■)]} 

n 

= E[/A(^)/l(^i) - /A(4-i)/!K 4 )]- (7) 
i=i 

Remarkable is that the dependence on a disappears. Thus, 

/X - /Vb,a = *(* W) E[/A(^ 4 )/I«i) - /A(4-i)i> 4 )]- ( 8 ) 

i=i 

The symmetrization over A, B is implied. 

Let 5f be typical variation of f\ when passing from simplex to simplex. Note 
that eq. (7) has the order of magnitude 0((<5/) 2 ). If there is certain fixed continuum 
(smooth) distribution of f\ on the fixed smooth manifold, and the considered piecewise 
flat geometry is only approximation to this continuum one which is becoming more and 
more fine, this order of magnitude 0((Sf) 2 ) of (7) just should reproduce the continuum 
value of action while next-to-leading orders o((5f) 2 ) tend to zero. 

Next we would like to multiply eq. (8) by H AB y/g. Since the latter function is 
discontinuous at (a; 1 ,^ 2 ) — > (0,0), this product can not be defined unambiguously. We 
can only write 



UiJk, - f\j^ AB V~9 = 5{x')5{x 2 ) \u AB (a 2 )^) E [/AK 4 )/l«i) 

I i=i 

-f\^U)fl^)]+0((5ff)}. (9) 
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Figure 3: Different formalisms and discretization. 



Here U AB (a 2 ) ^ g{a 2 ) 



means the value of IT 



^Jg in any one of the 4-simplices erf 



sharing a 2 (or some average of these), and 0((5f) 3 ) is a contribution dependent on 
the model of regularization of f\(x) in the neighborhood of the point of discontinuity 
(a; 1 , a; 2 ) = (0,0). As mentioned above, this contribution does not contribute to the 
action in the continuum limit. 



3 Discrete first order formalism for the Faddeev 



An idea of how to avoid the above model dependence of the simplicial Faddeev second 
order formalism is to use at an intermediate stage the first order formalism, that is, 
to use the connection type variables. The hope is that the action in the first order 
formalism contains the derivatives only linearly and, consequently, it is less singular 
than in the second order formalism. The diagram of fig. 3 illustrates the situation. 
Above we have considered the direct discretization of the genuine second order Faddeev 
formalism on the piecewise constant ansatz, 1 — > 4 in the diagram. Now we are in a 
position to study transition 1 — > 2 — > 3 — > 4. Commutativity of the diagram which 
we shall prove below means that unambiguously defined part 0((5f) 2 ) of the discrete 
Faddeev action (sufficient to reproduce its true continuum limit) can be reproduced 
through intermediate use of the first order (connection) formalism. At the same time, 
contrary to 1 — >■ 4, this transition 1 — > 2 — > 3 — > 4 gives unambiguous result for the 
total discrete (simplicial minisuperspace) Faddeev action. 

The first order formalism for the Faddeev formulation considered in our paper [3] 
is the SO(10) connection representation of the Cartan-Weyl type with the additional 
SO(10) local symmetry violating condition on the connection uj\ab- The action is 



action 




(10) 



The are the Lagrange multipliers of the condition on oj\ab, 

UXAB^fu = 0. (11) 

In the discrete Cartan-Weyl theory, the vectors of edges in the local Euclidean 
frames of the 4-simplices are the tetrad type variables. More accurately, the continuum 
analog of the edge vector is infinitesimal diffeomorphism invariant (or invariant w. r. 
t. the world index) e^dx A . In the discrete theory, is constant in the interior of 
each 4-simplex, and dx x is substituted by a 4-vector in arbitrary piecewise-affme 
coordinates x x , 

Ax x ffl = x\a Q 2 ) - x\a\) (12) 

for the edge a 1 , the difference between the coordinates of its ending vertices a®, o\. 
Then the edge vector 

efr = eJAa^ (13) 

is a value invariant w. r. t. the world index or w. r. t. the coordinates of the vertices. 
From this definition in the same 4-simplex (where e\ = const) the closure condition 
(vanishing algebraic sum) for the vectors of edges of any triangle a 2 is automatically 
satisfied, 

E ±# = o. (14) 

Thus, the covariant tetrad components are direct analogs of the variables related to 
geometrical elements of the simplicial complex. The usual Cartan-Weyl form of the 
Einstein action can be readily rewritten in terms of them as 

/ e x ^e abcd e a x elK p cd (co)d 4 x (15) 

where A, /i,i>, . . . = 1, 2, 3, 4; a, b, c, . . . = 1, 2, 3, 4. 

Analogously, the variables f£ with covariant world index A give rise to 10-dimen- 
sional vectors of edges a 1 , 

tt = f£^- (16) 

The (algebraic) sum of these over the edges of any triangle in the same 4-simplex is 
zero, 

E ±# = o- (it) 



Of course, the full 10-dimensional analog of e a bcd has ten indices, but we need rather 
the analog in the "horizontal" 4-dimensional subspace, 

t Xilvp ]\Af iiBfvcf pD /-, oA 

tABCD — ; „ == — • yi-o) 

y/d<*\\fxAft\\ 

It is a coordinate function. The 5*50(10) can be equivalently rewritten like (15) as 

^o(io) = / e X » vp eABCDf£f*Rv P CD {u)d A x. (19) 

The €abcd becomes a function of the 4-simplex on the piecewise constant simplicial 
ansatz. In edge components 



£ CT 1 CT 2 CT 3 CT 4 ffil A f a l B f a l cf&i d 



eABCo(a*) = ,:;Z 7a 11 ( 2 °) 



Here e "! "^ "! = ±1 i s parity of permutation {cr\a\a\aX) of a quadruple of edges 
{(y\u\<j\aX) which span the given 4-simplex. The sum over permutations is implied. 

Let an action be a function of edge vectors and of the set of SO (4) rotations as 
additional variables (connections). It is a discrete analog of the Cartan-Weyl one 
(15). The additional S0(4) variables can be viewed as rotations attributed to each 3- 
simplex and connecting the frames of the two 4-simplices sharing this 3-simplex. Such 
action which gives exactly Einstein action on the piecewise flat manifold (Regge action 
[4]) when these additional variables are excluded with the help of eqs of motion was 
considered in our paper ref. [5]. We have used the discrete analogs of the connection 
and curvature first considered in ref. [6]. Above consideration allows to transfer the 
result of ref. [5] to the considered case of the 4-dimensional manifold and SO(10) 
rotations. This action has the form 



Sfo( W ) = E A(a 2 )a(a 2 ), a(a 2 ) = arcsin 

a 2 

Here 



AB 



-^ABCD (V 4 ) ^4(^2) (^) 



(21) 



V£ B = \U^J% - ttj^ (22) 

is bivector of the triangle a 2 built on a double of its edge vectors , . The area of 
this triangle 

M* 2 ) = \/|^W. (23) 

The curvature SO(10) matrix R^(Q) on the triangles a 2 is holonomy of the connection 
SO(10) matrix Vt^ on the 3-simplices (tetrahedrons) a 3 . That is, R a 2 is the product 



of fi^'s for the set of <r 3 's containing a 2 ordered along the path which encircles a 2 , 

r^= n ( 24 ) 

{a 3 : a 3 Da 2 } 

This path begins and ends in a 4-simplex a 4 . That is, i?^ 2 B is defined in (the frame of) 
this simplex. The V^P (as well as f^, constituting this bivector) is also defined 
in this simplex, and the same simplex appears as argument in cabcd^ 4 )- Besides 
pointing out this a 4 as argument, we shall also provide notation for this 4-simplex 
separated by the vertical line, "|cr 4 ", in the subscript on the considered value, e. g. 
V^ B \ a 4. The dual bivector is 

V a 2 AB\a 4 = ^ e ABCD ( ^ ) V$P | CT 4 . (25) 

The considered a 4 in which geometrical values are defined depends on the 2-simplex 
a 2 whose contribution to action is evaluated, i. e. it is function of a 2 : a 4 = a 4 (a 2 ). 
Thus eq. (21) can be rewritten as 



Sfom = E A(a 2 )a(a 2 ), a{a 2 ) = arcsin 



V<fiAB\o*{p*) R AB /„x 

K <7* k 4 (<T 2 )l"J 



(26) 



2A(a 2 ) 

To write out the equations of motion for Q a 3, we add to action the orthogonality 
condition for fl a s multiplied by the Lagrange multiplier, 



s3Sfio) = E^(0 arcsin 



Vg^ABja^) V AB /qn 



+ J2^SAB(^s A ^C B -S AB ). 
a 3 

(27) 

Here fi a 3 AB — f^a 3 ba- The R a i depends on Q a 3 only if a 2 C <r 3 , and in this case R a i can 
be written either as r 1 (a 2 ,a 3 )Q a sT 2 {a- 2 ,<J 3 ) or as [T 1 (a 2 , <7 3 )Q a 3r 2 (a 2 , a 3 )} T . Consider 
the former possibility (the latter one differs by the sign of the contribution to £go™ 10 ))j 
R = TiQr 2 - Here Ti(a 2 , a 3 ), T 2 (a 2 , v 3 ) are some SO(10) matrices, the products of fi's 
different from the given Q a 3. Acting on ^onm by the operator (fl^c d/dQ, c zcB — 
Q a 3 C B d/dQ a 3 CA ) we cancel the /i CT 3-part and get eqs. of motion 

^ T 2 (a 2 , ff 3 ) ^l^^)^l^)+ ^l^(^)^l^) r T (ff 2 > a3) = Q (2g) 

{a 2 : a 2 Ca 3 } COSa((7 ) 

Let us suppose for a moment that j A ^j ^a\u\ — i^\ c ^c x A\c\ ^ ° X an d V°~2 ^ ° X ■ 
That is, we can define edge length l 2 al = f^if^A independently of the 4-simplex to which 
the edge a 1 belongs. (In other words, transverse components of the piecewise flat metric 
gx^ are continuous.) Let us perform an SO(10) rotation for each 4-simplex a 4 (the gauge 
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rotation) which forces a quadruple of independent vectors of edges 4 , % = 1,2,3,4 

i I 

(and therefore any vector of edge of this 4-simplex) have nonzero components only at 
A = 1, 2, 3, 4, i. e. have the sense of the usual tetrad. The piecewise flat manifold with 
these edge lengths and local frames formed by these quadruples possesses certain defect 
angles, curvature matrices R a i from SO(4) (subgroup of S(10)) which rotate around a 2 
through these angles and SO (4) connection matrices which provide the values of these 
curvature matrices. A priori Q a s are arbitrary SO(10) matrices, but if these are set 
to be equal to these connections, eq. (28) is fulfilled simply as the closure condition 
for the 2-dimensional surface of the 3-simplex a 3 . Then a(a 2 ) is angle defect at the 
2-simplex a 2 and S'fo'fio) * s R- e SS e action. 

Next, imposing no condition on f^ii^, let us take into account the discrete analog of 
the condition on oj\ab (H)- Now antisymmetric part of VL a zAB replaces the continuum 
connection u)\ab there 1 . Therefore this condition takes the form 

^W^ B kV 3 ) = Vff2 c *V)- ( 29 ) 

Here <7 4 (<t 3 ) (function of a 3 ) is one of the two 4-simplices sharing a 3 . It is not difficult 
to show that condition (29) is equivalent to 

n aiAB v^ B WHai) =0 W 2 C a\a 3 ) (30) 

(in fact, the dual bivector v AB for a triangle a 2 C o -4 is a combination of the bivectors 
V^ B for the set of the 2-simplices a 2 C <r 4 ). 

As a result, the discrete version of the full action (10) takes the form 



arcsm 



Vo3AB\o*(o*) tjAB / v 



+ J2^ab(^^c B -S ab ) 



2A(a 2 ) 

+ E E A(a 2 ,a 3 )n AB v a 2 ABlaH(73) . (31) 

Here A (a 2 , cr 3 ) are the Lagrange multipliers. More accurately, the last sum is performed 
not over all a 2 C c 4 (cr 3 ), but over six independent bivectors in ex 4 (a 3 ) for each a 3 (that 
is, A(<7 2 , a 3 ) for some <t 2 's can be set equal to zero). 

The equations of motion (resulting from S dlscv via action of (Vt a i C A d / dVt a 3 C B — 



1 Some ambiguity lies in the possible choice of antisymmetric part of ^l a 3 AB mentioned or, say, 
generator of VI^ab- Our actual choice of antisymmetric part of ^l a 3 AB is singled out by the simplest 
functional dependence on (linear). 
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VL a 3 C B d/ dVl a i CA ) ) take the form 



{a 2 : (T 2 C<7 3 } L 



E r 2 (aV 




0. (32) 



Excluding A(a 2 ,a 3 ) we get the weakened form of the equations (28): the number of 
the (combinations of) components available is smaller by six (for the given 3-simplex 
a 3 ). Instead, there are six newly introduced equations Trfl a 3V a 2 = 0. 

4 Correspondence between the Faddeev action on 
the piecewise constant fields and the discrete first 
order formalism 

Consider the order of magnitude and contribution of A(<t 2 ,<t 3 ) w. r. t. the above 
introduced typical variation 5f of f\ when passing from simplex to simplex. It is 
assumed that 5f is much smaller than the values of the components of / themselves. 
The continuum connection is linear in the derivatives. This means that the discrete 
analog fl differs from 1 by 0(5 f). If O = 1, the first sum in the equations (32) is 
(algebraic) sum of the bivectors for closed surface of the 3-simplex. Up to 0(5 f), these 
bivectors can be assumed to be defined in the same a 4 . Therefore the sum of these 
bivectors is zero, 



(the closure condition). This is due to vanishing algebraic sum of edge vectors of any 
triangle by construction (equation (17)). Therefore the first sum in (32) is 0(5 f). 
Let us project these equations horizontally over both indices A, B. This amounts to 



action of the operator Tr f 5 .2| (T 4 ( - (T 3)(-) on both sides of the equations (32). The resulting 
equations can be solved in regular way for (six per a 3 ) unknowns A(cr 2 ,cr 3 ) which 
thus have an order of magnitude 0(5 f). Having defined A(<t 2 ,<7 3 ), we can project the 
equations (32) over one of the indices A, B vertically, i. e. apply the projector lie a = 
U CA ((T 4 (a 3 )). Then the second sum becomes combination of expressions vanishing at 
VI = 1 with the coefficients A(a 2 ,a 3 ). That is, this sum is combination of expressions 



E = o 



(33) 



{a 2 : ct 2 Cct»} 



evaluating trace with the set of (six) independent bivectors v^^^, i. e. to the 
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0(5 f) with the coefficients A(a 2 ,(r 3 ). Thus, this sum is 0((5f) 2 ). Therefore, if the 
order 0(5 f ) is considered, the A-part can be omitted in the equations of motion for Q 
projected in the vertical direction. 

Taking into account these considerations, let us find solution of the equations (32) 
for u> a 3 = —u;^, fi CT s = expu a 3, in the order 0(5 f). More precisely, we take natural 
discretization of the result for the continuum U\ AB and check that it satisfies the 
considered discrete equations. 

Namely, in the continuum theory the expression for the covariant (w. r. t. the local 
SO(10)) derivative V x X A dx x = X A (x + dx) + u\ AB dx x X B — X A (x) means that the 
matrix 5 AB + ^\ AB dx x transforms (via the parallel transport) X A (x + da;) to a vector 
defined at the point x. At the same time, the expression for oj\ can be written as [3] 

cu XAB dx x r B = n AB \r B (x) - r B ( x + dx)]. (34) 

And, at the same time, the contribution to the Lagrangian density from the curvature 
developed, say, in the plane x x ,x 2 has the form 

V9fAf B < B i R12 = Pi + Wi, d 2 + u 2 }. (35) 

The Ri 2 B is infinitesimal rotation of a vector transported in parallel way along the 
closed path successively forward along the coordinate x 2 , forward along x 1 , backward 
along x 2 and backward along x 1 . That is, the path along which a vector is transported, 
is traversed clockwise in the plane x 1 ,x 2 (for the usual orientation of the coordinate 
axes in the plane when the shortest rotation of x 1 to x 2 is counterclockwise). 

Now rewrite these continuum result and sign conventions for the discrete case. The 
discrete analog of u\dx x is u a 3 , the generator of Q, a 3 . The naive discrete analog of the 
connection (34) is 

^abF B (4) = n AB (a^W B (a±) - f V^)] + ((5f) 2 ) (36) 

for typical neighborhood of a 2-simplex a 2 of fig. 2. It is possible that n^ B (cr^ +1 ) 
stands for H AB (a^) here, depending on the specific choice (<jj or for o" 4 (o"|) in the 
additional condition (30), see below. The difference between the RHSs of the equation 
(36) for these two choices is 0((5f) 2 ). The contribution of the 2-simplex a 2 of fig. 2 
to S discr is 



A arcsin 



^ A {f 1 Af 2 B-flf B m--^i--^n) AB 



(37) 
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Here V = Jg,A = ^V AB V AB /2 = ^v AB v AB /2,V AB = (f A f B - F A f B )/2,v AB = 
(/A/1 — and all these values are taken in a\ (see fig. 2). The f A ,f A are 

the vectors of a double of edges 3, 4 of the triangle a 2 . (Though, the calculation of 
interest is done in a more direct way just in the variables f\, f\.) The Qj = Q a 3 = 
expcjg.3 = expuj transforms a vector in aj +1 to the vector in a^. Besides that, the 
curvature matrix Q\ . . . Q, n in equation (37) is transformation of a vector after parallel 
transport clockwise around a 2 in fig. 2. Finally, let us write the additional condition 
(30) in the following notation, 

(V? B - ttf A )/>J)/£(4) = 0. (38) 

Here o# is erf or crf +1 . Once this choice of a# is made, it is the same for each A, /i at 
the given i. 

To write out the equations of motion for fij, it is convenient to expand relevant 
(^-dependent) contributions to the action of the type of (37) up to w 2 -terms. Then 
we can vary these w. r. t. Ui and project vertically over one of the SO(10) indices. 
According to the above said (in the two paragraphs with the equations (32), (33) ) 
this gives the equations of motion in the order 0{oj) = 0(Sf). Then we can check 
validity of these equations on the discrete version for connection (36). The part of the 
expression (37) of interest (the terms 0(u 3 ) are omitted) is 

n I i—1 

Ui + Ui u i + E ' 



V(f 1A f 2B - f 2A f 1B ) 

j=i+l \j=l 

Occurring in this expression the sum is equal to 



(39) 



AB 



f XA E^AC = -E^cAf XA (o-p+0((5f) 2 ) 

3=1 3=1 

-En<M(<# - f XA {o-U)\ + OW) 2 ) 
= -iW4) Et/ AA (4) - / AA (4 + i)] + °^ff) 

3=1 

= n CA (^ # )[f XA (af)-f A (ai)}+0((Sf) 2 ) (40) 



and analogously 



f XB E "iDB = ^DB(4)[f XB (af +1 ) - f XB (ai)} + 0((5f) 2 ). (41) 

j=i+l 
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Taking into account these equalities and acting by V~ 1 (d/duf B — d/du BA ) on the 
expression (39) we get 

2/A(*f) fU^i) -2fi(of)fh(°i) 
+U AC (^ # )[f lc (at) + f c (at +1 ) - 2f c {af)]f B {af) 

-U AC (4)[f 2C ^t) + / 2C «i) - 2f c (ai)]fh(ai) 
+f A (*l)TlBc(4){f 2C (-l) + / 2C (-ti) - 2/ 2C (^)] 
-f>t)n B c(4)lf 1C (°D + f 1C (°li) ~ 2/ 1C Vi)]- (42) 
Let us add the expression 

2U AC (ai)U BD (ai)[f lc (at)f 2D (at) - f 2C \a\) f 1L (43) 

to the result (42). Since U AB (a 4 # )f XB (af ) = Yi AB (a%)[f XB (af) - f XB (a%)} = O(Sf), 
this addend is 0((5f) 2 ). At the same time, this allows to rewrite the quadratic in 
f A ((Ji) terms concisely using the horizontal projector H\\ab = 5 AB — TIab- Besides 
that, let us introduce the notation a\ for the 4-simplex which is complementary to 4 
in the set {of, crf +1 }. That is, 

4 4 -r 4 4 

^ = <* if 4 = <i- (44) 

Then n AB (4)[/^(^)+/^« 1 )] = rW4)/*>* 4 ) = n AB (4)[/^(^)-/^(4)] 

= 0(5f). These values are multiplied in the expression (42) by the linear in f A (crf) 
factors. Therefore if we replace f A (crf) by f A (crf) in the linear over f A (crf) part of 
the expression (42), this means variation of this expression by 0((5f) 2 ). Thus, the 
equation (42) takes the form 

2n l|AC (4)n l|BD (4)[/ lc (4)/ 2 °(4) - / 2C (4)/ 1D (^)] 

+n AC (a* # )[f c (aj)f B (aj) - f 2C (at) fM)] 

+^Bc(4)[f A (at)f c (at) - f 2 A (at)f 1C (ai)}. (45) 

Next we project this by Hea(&#)- This kills the first term, converts the value of the 
third term to 0((5f) 2 ) and leaves us with the second term which is of the order of 
0(5 f). Also we can restore the volume factor V = V(af). Change it to V(af) (this 
leads to negligible possible correction 0((5f) 2 )). The resulting expression reads 

n EC (4)[f c (ai)f 2B (at) - f C (ai)f B (ai)\V(ai) 

= n EC (a 4 # )e CBAD (at)f 3A (at)h D (*t)- (46) 
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Here f^AfiD] is only one of the bivectors of the four triangles V a 2 AD) the faces of of. 
The e CBAD (af) and fxA^t) depend on the 4-simplex a 4 , but it is important that a A is 
the same in the contributions like equation (46) of the other faces to the equations of 
motion. The sum of contributions like expression (46) from all four faces of erf is zero 
since (algebraic) sum of bivectors is zero for closed surface, 

J2 ±V a * ABWi = 0. (47) 

This is due to vanishing algebraic sum of edge vectors of any triangle by construction 
(17). Thus, the connection (36) indeed solves the equations of motion for connection 
in the leading order 0(5 f). 

Now it remains to substitute the solution (36) into equation (37) expanded up to 
w 2 -terms. Since we are finding extremum of the sum of linear and bilinear forms of u, 
it is sufficient to evaluate the bilinear form on the solution for u found. The result of 
interest is then that found with the reversed sign, 

- V {f^r-f A r)[^ 3 u}\ . (48) 

V>J / AB 

Substituting 

f XA u jA c u lCB r B = -rW/*>|) - f XA (aj +1 )][F B (4) - r B «i)l (49) 
we get the contribution to S dmcT 

n 

VU AB £[/AK 4 )/!«i) - f\{af +l )fl{af)\. (50) 
i=i 

Thus, we have reproduced the model-free 0((Sf) 2 ) part (important for reproducing 
the continuum limit) of the Faddeev action for the piecewise-constant ansatz for f A , 
see the equation (9). 

5 Discussion 

As an example, consider hypercubic decomposition of spacetime. This can be viewed 
as a particular case of the simplicial decomposition if we decompose each hypercube 
into some number of simplices and then set the fields f\ in these simplices to be the 
same inside the hypercube. As considered above, setting the fields to be constant 
inside hypercubes does not give any restriction on the form of metric in the Faddeev 



16 

formulation of gravity which can be approximated by collection of hypercubes (fig. 1). 
Now curvature residues on quadrangles (plaquettes) rather than the triangles, each 
quadrangle being the pair of triangles giving the same contribution to action of the 
type of (37). Now the number of fi-matrices in the curvature n — 4, these matrices 
transform a vector being transported along the coordinate directions. We denote by 
Vl\ the matrix which acts along (the positive direction of) the coordinate x\ (the Q x 
transforms a vector at smaller x\ to a vector at larger x\). Also introduce the operator 
T\ which shifts the argument of a function on the hypercubic lattice from any site 
(vertex) to the neighboring site along the coordinate x x (forward). The action takes 
the form 



."Use, = V (^ A ) 2 (^) 2 (f X f^) 2 arcgin j /a/b _ flfs 



sites X,fj, 



2^/detii/vii U x (.mfy-(f x f") 



AB 



■ [n A (7?n M )(7X)nJJ } + E E K^ b UVb - /M). (si) 

sites X,fj,,u 

It looks like the sum over plaquettes (quadrangles in x x , x M ) in Wilson's discrete action 
in QCD [7]. It possesses the following two properties. First, it is not only some 
discrete approximation to the exact continuum action but it describes, in principle, 
the actually existing (minisuperspace) gravity system. Second, f\ can be freely chosen 
in each hypercube (site), that is, neighboring hypercubes do not necessarily coincide 
on their common faces. 

To summarize, we have started with the Faddeev action on f\{x) constant in the 
interior of each 4-simplex of a simplicial complex. The value of it depends on the model 
of intermediate regularization of discontinuities of /a(x) between the neighboring 4- 
simplices. At the same time, this model dependence is negligible compared with the 
main contribution when f\{x) varies arbitrarily slowly from the 4-simplex to 4-simplex. 
This slow variation can mean, e. g., the regime of approaching the continuum limit, 
the model-free main contribution being responsible for recovering the true continuum 
Faddeev action. 

Next we have proposed the discrete form of the connection representation of the 
Faddeev action on a simplicial complex. We have suggested the connection repre- 
sentation of the Faddeev action (the "first order formalism") earlier. It looks like 
Cartan-Weyl form of Einstein action generalized to SO(10) plus local SO(10) violating 
condition, which expresses vanishing the horizontal-horizontal components of the (in- 
finitesimal) connection. Requirement for the discrete form is that if SO(10) violating 
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condition is not imposed, the discrete form of interest should be exact representation of 
the discrete Einstein (Regge) action (that is, it should result in Regge action upon ex- 
cluding connections via equations of motion). This fixes the discrete representation of 
interest practically uniquely, up to non-leading terms in the definition of proper analog 
of infinitesimal connection in the discrete case when the connection is finite. Another 
requirement for the discrete form to be fixed, which we have tested, is that the dis- 
crete first order formalism is consistent with the above discrete second order formalism 
(that is, genuine Faddeev action on f\(x) which is piecewise constant on simplices). 
That is, excluding connections via equations of motion, we reproduce in the leading 
order (when f\{x) varies arbitrarily slowly from the 4-simplex to 4-simplex) the above 
model-free main contribution in the second order discrete action responsible for the 
true continuum limit. At the same time, beyond the leading order we get model-free 
overall answer which thus can serve definition of the Faddeev action on a piecewise 
constant ansatz on simplices. 

A feature of the Faddeev action is that its existence does not require something like 
the conditions of continuity of (the transverse components of) the metric. (The conti- 
nuity eventually is restored on classical level on macroscopic scale when the continuum 
limit is reached.) That is, the values of the fields in the neighboring 4-simplices can 
be considered independent. This simplifies description of the system and allows to use 
an ansatz for which the action is a sum over plaquettes analogous to Wilson's discrete 
action in QCD. 
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